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VOLATILITY ESTIMATION UNDER ENDOGENOUS
MICROSTRUCTURE NOISE

By CHRISTIAN Y. ROBERT AND MATHIEU ROSENBAUM

CREST-ENSAFE Paris Tech,
CMAP-Ecole Polytechnique Paris

This paper considers practically appealing procedures for esti-
mating intraday volatility measures of financial assets. The underly-
ing microstructure model accommodates the inherent properties of
ultra high frequency data with the assumption of continuous efficient
price processes. In this model, the microstructure noise is endoge-
nous but does not only depend on the prices. Using the (observed)
last traded prices of the assets, we develop a new approach that en-
ables to approximate the values of the efficient prices at some random
times. Based on these approximated values, we build an estimator of
the integrated volatility and give its asymptotic theory. We also give
a consistent estimator of the integrated co-volatility when two assets
(asynchronous by construction of the model) are observed.

1. Introduction. In the recent years, a large number of papers has been devoted to the
problem of estimating the integrated volatility of a financial asset from high frequency data.
Since the dynamics of these data largely differ from the semi-martingale type behavior of
low frequency data, their naive use leads to a biased behavior of quadratic variation-type
estimators. Consequently, it is now usual to view intraday market prices as noisy observations
of the efficient price and to build estimators in this so called microstructure noise context.

Different types of microstructure noise models are encountered in the financial econometrics
literature. The more usual type is the case of an additive noise that is independent of the
efficient price ([3], [4], [5], [15], [16], [34], [36]). An additive endogenous component is also
considered in [6] through a linear combination of past returns and in [23] through the Brownian
motion driving the price. A major drawback of these approaches is that they do not allow
for prices discreteness. More convincing types of microstructure noise are given by the cases
of a contamination of the efficient price through a Markov kernel ([22], [26]) and a rounding
error ([9], [25], [31]). The microstructure noise is respectively partially and fully endogenous
in these models.

When estimating the integrated volatility, all the preceding models, even when allowing for
prices discreteness, are not completely satisfying in practice since they are treated through
a deterministic exogenous sampling (or some stochastic sampling through a regular time-
change, which in fact can be boiled down in the deterministic case, see [6]) and so do not
take into account the information contained in the intertrade durations. Hence, their use in
practice lead to the following question: what is the right sampling frequency to use : 1 second,
1 minute, 5 minutes 7 Moreover, one may ask about the right price to use : bid price, mid-
quote price, last traded price 7 Different answers to these questions often lead to significantly
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2 C.Y. ROBERT AND M. ROSENBAUM

different results in volatility measures, see [19].

The problem of estimating the integrated co-volatility under microstructure noise has been
much less studied. Indeed, in that case, beyond microstructure noise, one also faces the issue of
the asynchronicity of the data. Both lead to a highly biased behavior of naive high frequency
co-volatility measures, see [20], [32], [35]. The asynchronicity has been first treated in [20].
The additional presence of microstructure noise is considered in [7], [32] and [35], in additive
settings where the two preceding questions are still in force.

In this paper, we introduce a model with endogenous, structural, microstructure noise that
enables to get rid of the problem of the choice of a price and a sampling frequency. This
model for the last traded price, called model with uncertainty zones, allows for transaction
price increments of one or several ticks, the size of the price jumps being determined by
explanatory variables involving for example the order book. Moreover, as shown in details in
[29], it enables to reproduce the main stylized facts of returns, durations and microstructure
noise. The main idea behind this model is that, if a transaction occurs at some value on
the tick grid and leads to a change in the transaction price, then the efficient price has been
quite close to this value shortly before the transaction. So, we call uncertainty zones the bands
around the mid-tick grid where the efficient price is too far from the tick grid to trigger a price
change. In our setting, the width of these uncertainty zones quantifies the aversion to price
changes of the market participants. Finally, note that this model can be easily interpreted by
practitioners and its results on a large amount of real data are quite promising, see [29].

Our estimation procedure for the integrated volatility is based on a tick time sampling.
It consists in deriving estimated values of the efficient price at some random times and then
computing the realized volatility over these values. Our estimator is consistent and we provide
its asymptotic theory as the tick size goes to zero. We also give a consistent estimator of
the integrated co-volatility in the case where two assets are observed. One of the technical
difficulties of our approach is that we deal with endogenous times and so usual limit theorems
do not apply.

The paper is organized as follows. We describe and discuss the model in Section 2. The
estimators and associated theorems are given in Section 3. Section 4 contains the proofs and
the results of a simulation study are given in Section 5. We conclude in Section 6.

2. Model with uncertainty zones.

2.1. Description of the model. We build in this section a model on the last traded price. In
an idealistic framework, where the efficient price would be observed, market participants would
trade when the efficient price crosses the tick grid. In practice, there is some uncertainty about
the efficient price value so that market participants are reluctant to price changes. Hence, there
is a modification of the transaction price only if some buyers and sellers are truly convinced
that the efficient price is sufficiently far from the last traded price. We introduce a parameter
n that quantifies the aversion to price changes (with respect to the tick size) of the market
participants and propose a model that takes into account this aversion.

Let (Xt)i>0 denote the efficient price of the asset. On a rich enough filtered probability
space (€, (Fi)e>0,P), we assume that the logarithm of the efficient price (Y:)i>0 is a Fy-
adapted continuous semi-martingale of the form

t t
Y; = log X; = log X +/ aydu +/ Oy dW,,,
0 0
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VOLATILITY ESTIMATION UNDER ENDOGENOUS MICROSTRUCTURE NOISE 3

where (W})i>0 is a standard F-Brownian motion, (a;);>0 is a progressively measurable pro-
cess with locally bounded sample paths and (o¢):>0 is a positive Fr-adapted process with
cadlag sample paths. Note that by taking the predictable projection of a, which is still locally
bounded, one can also consider the usual assumption of a predictable drift. However, this is
not useful in our continuous efficient price setting.

The tick grid where transaction prices are bound to lie on is defined as {ka; k € N}, with «
the tick size. For k € N and 0 < 7 < 1, we define the zone Uy by Uy = [0,00) x (dj, uy) with

dp, = (k+1/2 —n)a and up = (k+1/2 4 n)a.

Thus, Uy, is a band around the mid-tick grid value (k + 1/2)c, see Figure 1. Note that when
n is smaller than 1/2, there is no overlap between the zones.

Let tg = 0 and Py be the opening price. For ¢ > 1, denote by ¢; the i-th time where a change
in the transaction price of the asset is observed, by F;, its associated transaction price, and
define the last traded price (P;)i>0 as the cadlag piecewise constant process built from the
(tis Pr;)iz0-

We assume that the transaction price may jump from price kK'a to price ka with k' # k
only once the efficient price exited down the zone U}, or exited up the zone Uj_; and provided
that market conditions are favorable for a transaction to occur. In a way, the transaction
price only changes when the efficient price is close from a new multiple value of « and market
participants want to trade. The zones (Uy)gen represent bands inside of which the efficient
price can not trigger a change of the transaction price. Consequently, they will be referred to
as the uncertainty zones.

More specifically, let us precise the construction of the sequence (7;);>¢ of the exit times
from the uncertainty zones which will lead to a change in the transaction price. Let 79 = 0 and
assume without loss of generality that 7 is the exit time of (X¢),~, from the set (dj,—1,ux,)

where kg = Xéa), with X(()a) the value of Xy rounded to the nearest multiple of &. We introduce
a sequence (L;),~, of Fr,-measurable discrete random variables which represent the absolute
value in number of ticks of the price jump between the i-th and the (i + 1)-th transaction
leading to a price change. As explained later, the distribution of this variable will depend on
the value of some market quantities at time 7;. Then define recursively 7,11 as the exit time
of (Xy) from the set (dg,—r,, Uk;+1,—1), Where k; = X;a), that is

K3

t>7;
1 1
(1) 741 =inf {t > T, Xy = Xﬁf‘) —a(L; — 3 +n) or Xy = Xg_)‘) +a(L; — 3 —|—n)}.

In particular, if X, = d; for some j € N, 7,41 is the exit time of (X);>r, from the set
di_r.,uiyr.—1), and if X, = u,; for some j € N, 7541 is the exit time of (X} )¢~,, from the set
J i J+L; ) i J J ) + >T;
(dj—Li-i—lij—f—Li)y see Figure 1.
Finally, let tg = 0 and Py = X(()a). We assume that the couples (t;, P;,) satisfy for ¢ > 1
Ti <t; < Tiy1 and Py, = X,

i

It means that between 7; and 7,41, at least one transaction has occurred at price P, and
t; is the time of the first of these transactions. The difference t; — 7; can be viewed as the
delay caused by the reaction times of the market participants and/or by the trading process.

January 20, 2009



4 C.Y. ROBERT AND M. ROSENBAUM

Note also that aL; is the absolute value of the price jump between the i-th and the (i + 1)-th
transactions with price change and that

(2) Pt¢ = Xﬂ‘ + Sign(XTz‘ - XTi71)(1/2 - 77)0‘ = XTi + Sign(Pti - Pti—l)(1/2 - 77)0<

Hence, if one knows (estimates) 1, one can recover (estimate) X, from P, , and P;,. Figure
1 displays an example of the different trajectories in a case where 0 < n < 1/2.
The measurement error at transaction time ¢; is given by

(3) Py = Xi, = =(Xy,

7

- XTi) + Sign(XTi - XTi—l)(1/2 - 77)05

This error has to be compared with the simple linear models of endogeneity for exogenous
sampling introduced in [23] or in Section 5.5 of [6]. Note that it depends on the price and the
7; in an intricate way since the 7; are stopping times with respect to a bigger filtration than
those generated by the price.

We eventually precise the conditional distribution of the jump sizes in ticks between con-
secutive transaction prices. We assume that the jump sizes are bounded (what is empirically
not restrictive) and denote by m their maximal value. For £k =1,....m and t > 0, let

N Z {|XTZ Xﬂ 1| O‘(k 1+277)} and atk_ ZH“XW X"'z 1| ak}

T, <t T <t

be respectively the number of alternations and continuations of & ticks. An alternation (con-
tinuation) of k ticks is a jump of k ticks whose direction is opposite to (the same as) that of
the preceding jump, see Figure 1. Remark that for small (large) values of 7, one will mainly
observe alternations (continuations). Let (x:):>0 be a continuous M-dimensional F;-adapted
process. We define the filtration £ as the complete right-continuous filtration generated by
(X4, xt, N, C(Yat) ks C(Mz p k=1,...,m). We assume that conditional on &, L; is a discrete ran-
dom variable on [1,m] satlsfymg

(4) Pe, [Li = k] = pr(xr), 1<k <m,

for some unknown positive differentiable with bounded derivative functions p;. In practice,
x¢ may represent quantities related for example to the traded volume, the bid-ask spread, or
the bid and ask depths. For the applications, specific form for the py are given in [29].

2.2. Discussion.

e The model with uncertainty zones accommodates the inherent properties of prices, dura-
tions and microstructure noise (see [10], [17], [19] for the different features of these quantities)
together with a semi-martingale efficient price. In particular, this model allows for discrete
prices, a bid-ask bounce and an inverse relation between durations and volatility. Moreover
the usual behaviors of the autocorrelograms and cross correlograms of returns and microstruc-
ture noise, both in calendar and tick time, are reproduced. Eventually, it leads to jumps in
the price of several ticks, the size of the jumps being determined by explanatory variables
involving for example the order book. Mostly, the model with uncertainty zones is clearly
validated on real data. These results are studied in details in [29].

January 20, 2009



VOLATILITY ESTIMATION UNDER ENDOGENOUS MICROSTRUCTURE NOISE 5
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FiG 1. Example of trajectories of the latent price and of the observed price. The red crosses denote the exit
points associated to the T;.

e Some restrictive cases of our model are mentioned in the literature. The case n = 0,
L; =1, t; = 7; for all ¢ corresponds to the pure rounding case, which is not realistic because of
the infinite number of oscillations of the price. The case n = 1/2, L; = 1, t; = 7; corresponds
to the model studied in [11]. Note that in general, this specification of n and of the L; does not
seem to be convenient for real data, see [29]. The case n < 1/2, L; = 1, t; = 7; is mentioned
in [24]. Note also that a discrete version of this model was introduced in [30].

e For expository purpose, we impose the not really restrictive assumption that the upward
and downward barriers to reach are only defined through the L;, see Figure 1. However,
a model with some variables Lj and L; for the upward and downward barriers could be
considered.

e As explained in the previous section, 1 quantifies the aversion to price changes (with
respect to the tick size) of the market participants. Indeed, n controls the width of the un-
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6 C.Y. ROBERT AND M. ROSENBAUM

certainty zones. In tick unit, the larger 7, the farther from the last traded price the efficient
price has to be so that a price change occurs. In some sense, a small 7 (< 1/2) means that
the tick size appears too large to the market participants and a large 1 means that the tick
size appears too small.

e There are several other ways to interpret the parameter 7, notably from a practitioner’s
perspective. For example, one can think that in the very high frequencies, the order book can
not “follow” the efficient price and is reluctant to price changes. This reluctancy could be
characterized by 7. Another possibility is to view 1 as a measure of the usual prices depth
explored by the transaction volumes.

e It is shown in [29] that the parameter n remains remarkably stable in time for a large
number of assets. Moreover, all types of configuration between the tick size and the orders of
magnitude of the volatility and n can be found on the market.

e Although the majority of the transactions does not lead to a price change, see for example
[18], [27], we only model transactions with price change and consider a tick time sampling
scheme (t;, P;,)i>0. In [18], an empirical and theoretical study shows that sampling in tick
time is generally preferable to sampling in transaction time or to the common practice of
sampling in calendar time when estimating the integrated volatility.

e We consider a structural model for the microstructure noise and so, from the efficient price
process, we directly model transaction prices. Moreover, if one can estimate the parameter 7,
up to an estimation error, one can retrieve the true value of the latent price at time 7;, see
Equation (2). This is very convenient in the purpose of building statistical procedures, see
Section 3.

3. Estimation procedures. For a fixed objective time T, our goal is to estimate the
integrated volatility of the asset and the integrated co-volatility between two assets over [0, ¢],
t < T. In our model, we work with random observation times, whose structure depends on
the efficient price. This context differs from those using deterministic sampling schemes and
lead to new technical issues, see in particular [1], [2] and [14]. Our asymptotics is to consider
that the tick size is going to zero. Even if the tick size is fixed on the markets, it is just a
reasonable way to make the number of observations go to infinity. This kind of asymptotics
is also used in [9], [11] or [31].

3.1. Estimation of the integrated volatility. The integrated volatility of (X;) on [0,¢],¢ < T,
is defined by

t
IV, = / o2ds.
0

Note that, contrary to some authors, we do not focus on the quadratic variation of (X;)i>0
but of (log X;);>0. Although the two quantities are close (up to a price scale factor), according
to the mathematical finance theory, the second one is probably more relevant. Moreover, its
inference is more intricate since price discreteness happens on the original scale and not on
the log scale.

In our framework, a natural idea for estimating this quantity is to consider the following

realized volatlhty
XTv — XT.
RVO,t = E (71 i1 )2.

Ti<t Xria

January 20, 2009



VOLATILITY ESTIMATION UNDER ENDOGENOUS MICROSTRUCTURE NOISE 7

We use this form of the realized volatility for technical convenience. It is as natural as the
logarithmic form since our model is not based on the log price. The X, are not observed but
can be obtained through Equation (2) up to the knowledge of 7. So, the first step consists in
estimating the parameter 1 and the second step in replacing n by its estimate to approach
RV, ;.

We define the estimator of 1 by

Mot = (0 v i /\a,t,kua,t,k) A1,

k=1
with (a) (©) (©)
N 4N 1, N,
Ao[,t,k - m a7t7k(a) Oé,t,k(c) and Uat,k = §(k( a(;t)’k - 1) + 1)
Ty [Naij + Noijl itk

The idea behind this estimator is that the uq 1 are consistent estimators of 7 for each k. The

Aotk are then natural weighting factors. Note in particular that NV, C(f)’l /N, éat)l is an estimator of
2n. Consequently, if 7 is smaller than 1/2, we may expect more alternations than continuations
in the last traded price and conversely.

Next we define our estimator of the integrated volatility by

__ Xt — XL
RVai=> (%)2’
t; <t X'Tifl

where for t; < t,
X 1 ,
th-l = Pti - 01(5 - 77a,t)519”(Pti - tz‘71)'

The key tool to establish the consistency of our estimator of 7 is the Dambis-Schwarz
theorem. Indeed, it allows us to transform our process into a Brownian motion in a modified
time in which the distributions of the exit times from the uncertainty zones are explicit.
Then we use classical results on the quadratic variation over stopping times, see for example
Theorem 1.4.47 in [21]. In the following, "2 denotes uniform convergence in probability over
compact sets included in [0, 7]. Abusing notation slightly, we say that the family of processes
Z% converges uniformly in probability towards Z as a tends to zero if for any sequence «,
tending to zero, Z» ““P 7. We have the following result.

THEOREM 1. As « tends to 0,

Uu.c.p. u.c.p.

_ t
flag — nand RVay = / o2ds.
0
For our next theorem, we work under the following assumption.

ASSUMPTION 1. The process x is a Fi-adapted continuous Ito semi-martingale with pro-
gressively measurable with locally bounded sample paths and positive Fi-adapted volatility ma-
triz whose elements have cadlag sample paths.

January 20, 2009



8 C.Y. ROBERT AND M. ROSENBAUM

Let us now give the definition of stable convergence in law. Let Z¢ be a family of random
variables (taking their values in the space of cadlag functions endowed with the Skorokhod
topology Jp). Let o, be a deterministic sequence tending to zero as n tends to infinity and Z be

a sub-o-field of F. We say that Z%" converges Z-stably to Z as «,, tends to zero (Z*» %5 g ) if
for every Z-measurable bounded real random variable V', (V, Z*") converges in law to (V, Z) as
n tends to infinity. This is a slightly stronger mode of convergence than the weak convergence,
see [21] for details and equivalent definitions. Finally, we say that Z% converges Z-stably to

Z as «a tends to zero if for any sequence ., tending to zero, Z*» 1=£s 7.
Next we introduce the following notation: Vi and Vy are two (2m + 1) valued vectors
defined by Vi1 =1,Vy;=0fori=2,...,2m+1, Voy =0and fori=1,...,m,

Vooi=i+n—1/2, Vagiy1 = —i (i+n—1/2)(i+2n—1).

The processes (ft)¢>0 and (pt)e>0 are defined by

t t N 2k(k — 1+ 2n)
212 2
= w) 0, X, du, —/ E ” w)o,,du,
ft /0 SO(X )U U, [t 0 & % —1+21 pk(X )‘P(X )U u

with .
. -1
exu) = O pilxu)i(i — 1+2n)) .
j=1
We are now able to state our limit theorem. Note that the observation times are random,
endogenous. So, usual theorems for deterministic or exogenous sampling can not be applied.
The key idea for the proof is to work in a modified time in which the observation times are
equidistant and to use stability properties of the convergence in law in the Skorohod space.
Let D[0, T] denote the space of cadlag functions on [0, 7] and T the transpose operator. We
have the following result.

THEOREM 2. Let T be the filtration generated by the processes X and x. Under Assumption
1, as a tends to 0, we have

. ¢ e t
Ofl(RVa,t—/ o2ds) T=5 (V1T+/}%V2T)/ by, dWy,,
0 t 0

in D[0,T], where W is a (2m + 1) Brownian motion which is defined on an extension of the
filtered probability space (2, (Ft)i>0,P) and is independent of all the preceding quantities and
bs is a (2m + 1) x (2m + 1) matriz defined in Lemma 14.

Note that the assumptions on the efficient price are very weak. In particular, o, is not
necessarily an Ito semi-martingale as in [6] or [22].

3.2. Estimation of the integrated co-volatility. We now turn to the problem of estimating
the integrated co-volatility when two assets are observed. In our context, one can not use
the classical realized covariation estimator for two reasons: the asynchronicity of the data
and the presence of microstructure noise. The problem of the asynchronicity of the data has
to be taken with great care since intuitive ideas such as the previous tick interpolation may
lead to a systematic bias called Epps effect, see [20] and [35] for details. This issue has been
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VOLATILITY ESTIMATION UNDER ENDOGENOUS MICROSTRUCTURE NOISE 9

treated in [20] in the case when the correlation coefficient and the volatility functions are
deterministic and when the transaction times are independent of the price. Nevertheless, the
proposed estimator seems in general not robust to microstructure noise, see [32]. We show in
this paper that a modified version of the Hayashi- Yoshida estimator, which uses the estimated
values of the efficient price given by Equation (2), is consistent.

More precisely we consider a F;-adapted bidimensional continuous Ito semi-martingale
(Xt(l),Xt@)) such that for j = 1,2

) ) . t o .
Y9 — log X9 = log X9 + / oD du + / o9 d )
0 0

t
(W(l),W(2)>t:/ psds,
0

where ps is an adapted process with cadlag sample paths such that for all s, —1 < pg < 1.
We impose the same assumptions on a¥) and ¢() as in Section 2.1. The quantities o), n(j),

and

Lz(j ), Ti(j ), t§j ) and Pt(ég are also defined in the same way as in Section 2.1.

The usual Hayashf—Yoshida covariation estimator is given by

) HY; = > > (log(P (1) ) —log(P ((1)> ) (log(P, (<2%)—10g( % )) B VD P o

t(1)<tt(2)<t 21 1 12 i1 vt ig— 1’12

We build our modified estimator the following way. First we consider new sequences of stopping
times ()\gl))izo and ()\2(2)%20 which limit the issue of asynchronicity. Then we use the estimated
values of the efficient price instead of the observed price. We define our new sequences by

/\81) =0, /\62) =0 and for 7 > 0, if 7'1(1) > 71(2),
)\1(21 = min {7’}1) : 7'](1) > )\Ei)l}, )\ﬁ)l = min {7'](2) 2> )\(1)}

and if 71(1) < 7'1(2),

1 : 1 1 2 2 : 2 2 1
)\EJr)lzmln{T; ) :7']( ) 2)\1(- )}, )\Z(Jr)lzmln{T; ) ZTJ( ) >)\£+)1}.

Note that if 7" > 7%, then AP < A{Y < AP <Al ... <A <A We denote by 1) the

value of the time tgj ) associated to )\Z(-j ), Finally, our estimator is defined by

RCVi= >, > (log( X(<1) ) —log(X ” ))(1og(f(§%3))—10g( <(g) N | (D i)

l(1)<t l(2)<t 7.1 1 ig 22 1 i1—1 ig—1?
To establish our result, we will require the following assumption.

ASSUMPTION 2. For all k and m, the rank of tggm) among the set of all the tgl) and t§-2) 18

the same as the rank of T,gm) among the set of all the Tl-(l) and T]@).

Remark that under Assumption 2, I is equal to ]IP\(U A(l)]mp\@) )\(2)#@.

[l(l) l(l)}ﬂ[l@) 1(2)];& Ry s

i1 —1"4q ig—1°
We have the following theorem.

January 20, 2009



10 C.Y. ROBERT AND M. ROSENBAUM

THEOREM 3. Assume that o2 = ca®) with ¢ > 0. Under Assumption 2, as o'V tends to
zero, we have

-5 <7 Uu.c.p. t
RCV, '—>p/psa§1)a§2)ds.
0

Thus, the problem of estimating the integrated co-volatility of two assets is another example
which shows that our method consisting in estimating the values of the efficient price is
very convenient to adapt classical statistical procedures to the microstructure noise context.
Remark that a limit theorem is probably hard to obtain through our techniques because it
would require a time change adapted to both assets.

4. Proofs. In all the proofs, ¢ denotes a positive constant that may vary from line to line

and (o, )n>0 is a sequence tending to zero. So, we write 7; ,, for 7, t; 5, for ¢; and L; 5, for L;. We
define £™ as the complete right-continuous filtration generated by (X, x¢, No(zc,?,t, s Nc(vn),t, o k=
1,...,m). Moreover, without loss of generality, we consider that the semi-martingale x is a

one-dimensional process of the form
¢ ¢ A
Xt = X0 +/ aXdu +/ oX_dW,, fort <T,
0 0

with W a Brownian motion on (Q, F,P) and we set x; = xp for t > T.

4.1. Preliminary remarks. We introduce in this section some tools we use throughout the
proofs.

A convenient construction of the L; ,. We write F = F; ® Fa. The processes X and x are
measurable with respect to F; and F is the filtration generated by a Brownian motion W,
independent of F;. Let ® denote the cumulative distribution function of a standard Gaussian
random variable. We define

Gt = Sup{Tjn : Tjn < t},
!

Z’fﬂ{‘b % Pan E[kz_:lp'( )zk: (xt) }
m i X)) PjilXt

0

and L;, = L, , with the usual convention ij()(t) = 0. So defined, for k = 1,...,m,
j=1

we have Pgn [Lr, = k] = pr(Xs,). This construction is particularly convenient for the

localization procedure and change of probability that we now explain.

Localization and change of probability. From the assumptions of Section 2.1, there exist
an increasing sequence of stopping times 7j, and a real sequence K, > 0 such that T, 2 T as
q tends to infinity and for 0 <t < Tg,

Vel + x|+ o]+ lae] + |og 2| + [of | + |ay| < K.
For ¢ > 0, let (Yt(q))tzo and (ng))tzo be defined by YO(Q) = Yo, X(()q) = xo and
av;,? = o\dt + o Daw,
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VOLATILITY ESTIMATION UNDER ENDOGENOUS MICROSTRUCTURE NOISE 11

dx,(fq) = (af)(Q)dt + (af_)(Q)dVAVt,

with agq) = a1, (af)(q) = af/\Tq, o*t(q) = oy, (Uf)(‘n = o} if t < T, and O’t(q) = o7,

(6@ = oy, if t > T;. We have that Yt(q) (resp. ng)) coincides with Y; (resp. x¢) on [0, T,].

Now consider a twice differentiable real function ®; on R such that for z € [—Kg, K],
®,(z) = x and for all |z| > K, |P4(x)| < e, |<I>/q(33)\ + |(I>;(a:)| < ¢9 and |Q>;(x)/@;(x)| < c3,

where ¢1, c2 and c3 are positive constants. Let f/t(q) = <I>q(Yt(q)). As soon as yo € [ — K, K],
}70(‘1) = yo and by Ito’s formula
AV = adt + 5Pdws,
where
dﬁq) _ @q(Yt(q))agq) + ‘Pq(Yt(q))(U@)z/Q and &t(q) _ %(Y;(q))mf”-

Again, we have that fﬁ(q) coincides with Y; on [0, T}]. Define

t (5@ 4 (5@)2/9

Wt(q) :Wt+/ (CLS +(g§—) / )dS
0 8

g

P
In this setting, we easily see that Novikov’s criterion holds and so, applying Girsanov’s the-
orem, (Wt(q))te[O,T] is a Brownian motion under a measure P absolutely continuous with
respect to P on [0, 7. Note that conditional on £ , the distribution of L;,, is not modified

when considering P(@ instead of P. Let )N(t(Q) = exp(fft(q)). We finally have
dXt(q) _ X§q)5§z)dwt(q)~

Using the preceding construction and the fact that the convergence in probability and the
stable convergence in law are preserved by absolutely continuous change of probability, it is
no restriction for proving our theorems to consider from now that the following additional
assumption is granted.

ASSUMPTION 3. For allt € [0,T], a; = —0?_/2 and there exists a constant K > 0 such
that,
Ya] + el + low] + o] + |a| < K.

Time change. In the following, it is sometimes useful to view our price process as a time-
changed Brownian motion. For that purpose, we introduce the process (Z;);>0 with infinite
bracket at infinity defined by

t
Zy = Xopr + / Lo rd W,
0
Let
T (s)=inf{t >0:(Z); > s}.

By Dubins-Schwarz Theorem for continuous local martingales (see for example [28], Theorem
V.1.6), there exists a Fr(s-adapted Brownian motion (B;)s>o such that for ¢ > 0,

B(Z)t + x9 = Z;.

Hence, for t € [0,T], B (x), +xo = X¢. From now, we redefine 7;,, and L; , in the same way
as in Equation (1) and Equation (4) replacing X; by Z;. For simplicity, we keep from now the
notation X for Z. We set v, = (X)r,,, and Av;p = Vig10 — Vin-
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12 C.Y. ROBERT AND M. ROSENBAUM

4.2. Technical lemmas. We state in this section some lemmas that we widely use through-
out the proofs of our three theorems. The first technical lemma is an analogous of Lemma 9
in [13] in the case of random sampling.

LEMMA 1.  Let (Gt)r>0 be a filtration, (v;,) be an array of increasing sequences of stopping
times and (y,,,) an array of G, -mesurable random variables. Let v be another stopping time
such that v < ¢, with ¢, a positive constant. Let Ny, ; = sup{i : v;,, < t}. Suppose that Ny,
s finite almost surely and that there exists a positive deterministic sequence v, such that the
sequence (VnNy, ¢, )n>0 i tight. Moreover, assume that

P
Z Eg’/i—l,n [ggl,n] + Sgll) Egui_lm [gli'ﬂnl[l/i,ngy] —0
Z_

Vi,ngy

and

E sup € ]—0
iSNn,cV +1

Then, Z Svim ERN U is equivalent to Z ngﬂ n[gym] L U.

Vin<v Vi n <V
PROOF. Let us consider the implication (—). Define
€V¢,n(t) = §Vi,n]11/i,n§t§v - Egui,l,n [fw,n]lw,nﬁtSV]-

Since Z §vin (V) is equal to
i>1

Z fw,n - Z Egl,i_lyn [fvm] + Z Egui_ln é-l’ln Z Gvi_1n §Vm Vzn<l’]

Vi,ngl’ Vi,nSV Vi,nSV i>1

it is enough to show that

> Eg, ] =D Ea, , [Enalna<] = 0

Vin<v i>1

and

S €, v) 50

i>1
The first term is equal to e1, — ez, with

elun - Z Egui_l’n [gl/i,nHVi,n>V] and 62)n = Z ]E’gui—l,n [gl/i,nﬂl’i,ngl’]'

Vi<V Vi

Using that

Z ]IVi—l,n>V]Egui_1 n [é.Vi,n]L/i,nSV] = 07
i>1 ’

we easily obtain

€2n = Z(Hw,n>u - HVi71,n>V)Egui_lm [gl/i,nﬂl/i,ngu]'
i>1
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VOLATILITY ESTIMATION UNDER ENDOGENOUS MICROSTRUCTURE NOISE 13

Hence

1,n

‘627n| S sup Egui7 Hé‘l’i,n]ll’i,ngyu S \/Sup Egui71 n [fgz n]IVi,nSVH
i>1 i>1 n

and so |eg | £ 0. Since

Z ]Iw,nSVEgui,Ln [é-Vi,nHVifl,n>V] =0,

i>1

we get in the same way

elvn - Z ]IVi,nSVEgui,Ln [gVi,n (]:[Vi,n>V - ]IVi—l,n>V)]'
i>1

Remarking that

EHGLnH S E[Z ‘gVi,n’]IVi—l,nSVSVi,n} S E[ sup ‘gyi,n] S \/E[ sup {31 n]’
i>1 1<Nnp e, +1 i<Np,c,+1

we obtain |eq ;| £0. Let
ean(t) =Y &, (1)
i>1

We now prove that ez, (v) £0. Let e >0 and M, > 0 be such that

sup Plvp,Np e, > M| < ¢e/3.
n

Let A > 0, we have
Plesn(v)? > Al < Plesn(v)’ Ly, N, ., <a} > Al +¢/3.

Let M., = | M:/v,] + 1 and
Ms,n

64,5,n(t) = Z él/i,n (t)
i=1

For a given stopping time p < v, §,, , (p) is a martingale increment with respect to (G, , ). So,
we have

Mgm Me,n
Eleacn(p)?] =E| 3 Eg,, | 16,07 <E| Y Eg, | 1€ L, <p<al]-
i=1 =1

This is also less than

]Eg"ifl,n [éli‘,nﬂljifl,n<p§cu]i| + ]E[ Sup ggz,n]

It follows that the process t — e4 . (t) is L-dominated by the predictable process

Me,n
2 2
t— ; Eg’/i—l,n [é.l/i,n]IVi—l,n<tSV] + E[Z§]\§:5+1 gVi,n}
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14 C.Y. ROBERT AND M. ROSENBAUM

on [0, v], see for details 1.3.29 in [21]. Now, since the preceding process is an increasing process
on [0,v], we can apply Lenglart’s inequality and we obtain that for all n > 0 and A > 0,

Men
Pleacn(v)? > Al SB[ sup {esen(t)’} 2 Al < S+P[E[_sup & 4 Eo, , [€, L] >n).
tE[O,V} i<Np,c, +1 ’ i=1 ’ '
Eventually, we get
Plesen(v)?> Al < T +P[E[ sup € ]+3 Eq, | [ Li.<) >
A i<Nn,c,+1 >

By the same arguments as for the first term, we have

P
Z}Egl’ifl,n [é.l%i,nHVi,nSV] - Z Eguiil,n [fgz’n] - 0

i>1 Vi n<v

Let us take n = Ae/3. For big enough n, the second term of the inequality is less than £/3
and so the result follows. The other implication is proved exactly the same way. O

We now give results on the first exit time of a Brownian motion (Bjs)s>0. Let a be a positive
constant, k a positive integer and 0 < n < 1. We write

V(gy = min{s : Bs ¢ (—a(k — 1+ 2n),ak)}.
The following formulas can be found in [8].

LEMMA 2. Foru >0,

sh(a(k — 1+ 2n)v/2u)

sh(a(2k — 14 2n)v2u)’
sh(aky/2u)

sh(a(2k — 14 2n)V2u)

E[equ(k)H{Bu(k):ak}] =

E[e_uy<k)H{By(k>:—a(k—1+2n)}]

Using the preceding lemma, tedious but straightforward computations lead to the following
corollary.

COROLLARY 1.

k—1+2n
PB,,, = =— = PB,, =-ak—-1+2n)]=—
Buy = okl = gy PlBry = —alk =1+ = 50
and
2%k — 1+ 2n
BB, ] = 0. E[By, || = a’ot 1520 g2 1 a2k~ 14 25) = Kl

2k —1+2n
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VOLATILITY ESTIMATION UNDER ENDOGENOUS MICROSTRUCTURE NOISE 15

E[B,, | = a'k(k—1+2n)(k* —k+ 20k + 40> — 49 + 1),
kE(k —1+2n)(3k — 2+ 4n)
_ 2
Elvwls,, =] = o 3(2k — 1+ 2n) ’
Ep2 I | = a4k(k —1+2n)(3k — 2+ 47n)(25k? — 22k + 4 + 1692 + 44kn — 167)
(k) { By =ak}l = 90(2k — 1 + 2n) ’
k(k—1+4+2n)(3k — 1+ 2n)
2
Elvmlis,  =—ak-1r2y] = @ 32— 152 :
R 4 k(k—1+2n)(3k — 14 2n)(25k* — 28k + 7 + 28n? + 56kn — 28n)
[V(k) {Bu(k)=*a(k*1+2n)}] = @ 90(2k 14+ 2,,7) ’
k(k — 1+ 2n)(5k* — 5k + 1 + 4n* + 10kn — 4n)
El(vw)?] = o :
(V)7 o :

4.3. Proof of Theorem 1. We begin this section with the following result.
LEmMA 3. We have

sup (Tit1,n — Tin) — 0, a.s.
{8:[7,n,Ti41,n] C[0,T}

PROOF. For w € Q, let S(w) be defined by

S(w) = limsup sup (Tit1,n (W) — Tin(w)).
{:[7i,n (W), Ti+1,n(w)]C[0,TT}

Assume that S is not almost surely equal to zero. Let € be such that P[] > 0 and such
that for all w € Q' t — X¢(w) is (1/2 — ) Holder continuous for some v, 0 < v < 1/2 and
S(w) > 0. For given w € €, we define 7,}(w) and 72(w) the left and right bound of the first
interval [7; »(w), Ti+1,n(w)] such that

i= argmax (Tjt1n(w) — Tjn(w)).
{7:1m.n (@), 71,0 (W) C[OTT}

Thus
S(w) = limsup (72 (w) — T (w)).

Let
Mn(w) = sup (Xt(w) - XT}L(w) (w))
{telmi (W), 73 (W)}

We have M, (w) < cay, and so M, (w) — 0. There exists an increasing function ¢ and two
constants 0 < ¢; < ¢ such that

lim Ti(n) (w) =c; and lim Ti(n) (w) = ca.
Let 0 < € < (e2 — ¢1)/3 and ng be such that for all m > no, \Té(m)(w) — 1] < € and

|Ti(m)(w) —ca| < e Let tg € [e1 + (e2 —1)/3,c2 — (c2 — ¢1)/3]. For all m > ng, tg €

[qulj(m) (W), Ti(m) (w)] and so

| X (@) = Xey (@) < My (@) + e/277,
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16 C.Y. ROBERT AND M. ROSENBAUM

with 0 < v < 1/2. So we obtain that ¢ — Xy (w) is constant on [¢1+(ca—c1)/3, ca—(ca—c1)/3].
Finally, on [0, T'], with positive probability, ¢ — X is constant on some interval with non empty

interior which is absurd since oy is positive. We deduce that .S is equal to zero almost surely,

which concludes. O

Let .
Nyt = supli: mip € 0,2} = SN, + N, )
k=1

denote the number of transactions with price change on [0,¢]. We have the following lemma.

LEMMA 4. For any 0 <t < T, the sequence (a2 Ny, t)n>0 is tight.

PROOF. There exists a positive constant ¢ such that

Nozn,t

Ca?LNamt < Z (XTi,n - XTifl,n)2'
=1

Moreover,

Nan,t
(XTi,n - XTi—l,n)2 = _(Xt - XNan,t)Q =+ Z(XTi,n/\t - XT¢—1,n/\t)2'
i=1 i>1
Using Lemma 3 together with Theorem 1.4.47 in [21], we easily obtain that

N&nat P t

2 2 2
Z (XTi,n - XTz‘A,n) - / Xs USdS,
i=1 0
which concludes.

We deduce the following result.

LEMMA 5. We have

Na ,t t
RV . Zn (XTi,n - XTifl,n )2 ui)p O'2dS
an,t — X S :
i=1 Ti—1,n 0

Proor. Using the same method as in the preceding lemma, we get

Nan,t t
3 (log(Xr,,) — log(Xr, )" ¥ / o2ds.
i—1 0

Then, using the fact that | X, — X, , | < cop together with Assumption 3, it is easily
shown that

Nay, t
> X, — X,
((log(XTm) — log(XTi_17n))2 — (%)6 uep-

1 Ti—1,n

1=

O]
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VOLATILITY ESTIMATION UNDER ENDOGENOUS MICROSTRUCTURE NOISE 17
We now state a result on the number of continuations of the process.

LEMMA 6. For1l <k <m,

2 prc)  w.cp. 2 32
anNa,t,k - 2k —1+2n Jo pk(XU)(p(XU)O’uXudu‘
PROOF. We have
Nay,
2
n a"’ 7k B Oé Z ]I{l‘XTzn Tz 1 n‘ Otk}} = Oén Z H{‘B’/i,n_BVi—l,n|:a"k}'

Vi,n§<X>t

Note that N, ; = N’ with N/ . = sup{i : v;,, < u}. By Assumption 3, (X); < d, where
n, <X>t n,u 5

n,
d is a positive constant. In the same way as in Lemma 4, we easily show that the sequence

(@2N! )Jn>o is tight. So, it is clear that
4 P
an ]E ;(VZ 1n)[ {lBU BVI ln‘ Olnkl}] - 0
Vi,n§<X>t
and .
a S7,1>111) E&?—(”l 1,n )[H{‘Byi,niBVifl,n|:a”k}HVi,n§<X>t] — 0.

Lemma 1 gives that a2 N (c )t ;. and

«

2
an Z ES;’—(VZ,71 n) []I{lByi’n_Bui_l’nlz()lnk}]
V'L,n§<X>t ’

have the same limit in probability. Using Corollary 1, we get that the preceding quantity is
equal to

2
an E ;(V’L 1, n [E‘FT(V’i*Ln) [H{lBui,n_Bui—l,n‘:ank}ﬂ
Vi,n§<X>t
kE—1+2n
2
= an Z ES s [ {Lz 1 n—k}i]
l/i,n§<X>t T(Wi—1,n) 2k 1 + 277
k—1+42n
2
= N, —— Ui .
"2k—1+2n ;thk XT(io1))
By Corollary 1,
m
(6) €y (A1) = Z (XT(vi1,0) )R (K = 1+ 2n)
and
a2 Eep, IkOzwis )l = > By, o071, (XT (04 0)) AV,
ViS(X>t ’ Vin> <X>t
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18 C.Y. ROBERT AND M. ROSENBAUM

Using that Eg;( [(Av;n)?] < cal, Lemma 1 gives that

vi_1,n)

o Y oe(XTi)
Vz',nS(X)t

and

> oe(XTs ) X T (011 ) AV
Vi n <(X )¢

have the same limit in probability. The function

s = Pe(X7(s))P(XT(s))

being almost surely continuous, using Lemma 3, we get

as (Kt
> k(X Twi1) P X T (r 1)) AV ©3 / (X1 (5))P(XT(5))ds
Vi,n§<X>t 0

and the result follows. O

The same method as in the preceding lemma gives the following result for the number of
alternations.

LEMMA 7. Forl1l <k <m,

c.p. k t
OéiNc(Z),t,k = 2k‘—1+277/o Pe(xu)e(Xu) o0 X7 du.

We now give the proof of Theorem 1.

PROOF. Let . y .
2374 o’ XTi n Xn,1 2
RVt = Zrim — DTican
Qn,t ; ( ;iilyn )
where )
Xf‘i,n = XTi,nm(ﬁan,tu Ptln)
with

O‘n(n - f]anyt)Sign(Pti,n - Pti—l,n)
Pti,n - O‘n(% - U)Sign(Pti,n - Ptz'fl,n)'

m(ﬁanat7 Pti,n) =1-

First note that by Lemma 6 and 7, 7q,, ¢ vep 1. Then it is easily shown that

A Xt B Xt
A X 2 i\n i—1,n 2 .C.p.
Z ((log(X;’n) - log(Xii_Ln)) — (%) ) wep
= Ti—1,n
We have
Nany, . Ney. )
t m(ﬁan,t, Pti,n) t m(namt, Pti,n)

f/ﬂ\/an,t = ﬁ/an»t+ Z (log( ))2+2 Z (]'Og(XTi,n)_log(XTifl,n))(log(

i=1 m(ﬁan,t’ Ptifl,n) i=1 m(ﬁan,tv Ptiﬂ,n)
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VOLATILITY ESTIMATION UNDER ENDOGENOUS MICROSTRUCTURE NOISE 19

u

. ¢
where, using Lemma 5, RV, ¢ = / agds. We now prove that the other terms tend to 0.
0

We have (s
nozn ta
lo ’ < co
| g(m( an7t7Pt7, ln))| n|77 T/a"’t|
and
Nangt Moty Pri) (2
(log(— anl < ca?N, 7 2,
’L:ZI g (77 ’Vlyt’ Ptz 1 n))) o " an7t<n na"7t)
Moreover
|10g(Xn,n) - IOg(XTFLn” < coy
and
Na,, ¢ R
~ m(nan ts Pt' ) 2 ~
log(X7, ) —log(X5, lo — < cayNay, 1M — Nan.t|-
’ ; ( g( Tz,n) g( Tz—l,n))( g(m(f"]an,t,‘Pti_l,n)))’ ntva ,t’n Na ,t‘
By Lemma 4, the result follows. O

4.4. Proof of Theorem 2. Let 6 denote the reciprocal of the process f introduced before
Theorem 2. Consider the time-changed process (Z,,)y,>0 defined by

Zy, = Xo,.

This process is adapted to the filtration (H,,)y>0 with H, = Fp,. Moreover it is a H,—local
martingale such that (Z), = (X)g,, see for example [28] p.181.
For each n, we define the filtration H" by

Hi=€

ay “uln

Moreover, we define the process Z(n) by

Z(n)u = Zy,

La,,_LQuj n

LEMMA 8. The process Z(n) is a H™ martingale such that

ProOOF. We have

Since by Corollary 1

Epgn [Z2(M)azi = Z(Mazi-v)] = Bep | [B

o2 (i-1) n
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20 C.Y. ROBERT AND M. ROSENBAUM

we easily obtain that Z(n) is a H™ martingale such that

Lo Lo %u]
zz; En o 1> (Z(Mags = Z(m)as 7’_1) z} CT w1 (B, _B”i—l’")2]'

By Corollary 1, we get
(Z(n))u = Z Egn L [AV; ).

Vi,n§<X>TLa,2uJ

This can be written T7 + 15 + T3 with

= Z ES?(“i—l,n) [Ayi’n]
Vi,nS<X>9u

TQ = Z Eg;g(y__l )[Ayz"n]
(X)r 2, S <(Xa, ’

T3 = Z Eg;(y . [AVi7n].

<X>9u <Vi,7L§<X)T

Lo, )
By Lemma 1, T3 tends to (X)g, = (Z),, in probability. By Corollary 1, we easily have

By Lemma 6 and Lemma 7, we have a2 N,,, , ap ft. Consequently, T5 tends to 0 in probability.
The same result holds for T3. O

Let M, denote the set of all bounded martingales on (2, H,P). Let N € Mj and N(n) be
defined by

N(n)u = NfTL _9 |

Using the sampling theorem, we get that N(n) is a H™ martingale. Let (N!,...,N™) be a
finite family with elements in Mj. Using that fTL 2, “5P u together with Theorem VI.6.37

b) in [21], we obtain the following convergence for the Skorohod topology on D™ 1[0, o)
(Z(n),N'(n),...,N™(n)) = (Z,N',...,N™).

Hence we have Property IX.7.1 in [21].
Let us now introduce the (2m + 1)-dimensional process K (n) defined by

Lo %l

=1
where Kz(n) = (Ki’l(n), e ,Ki,2m+1(n)) and for 1 S k S m,
- Bl/i—l,n)2 (Bl/i,n - BVi—l,n)2}>

Vin
: — w; nE

2 L (s 1n>[ B?

vic1aNX) T vi—1,nNX)T

-1 2
Kior(n) = ag (anﬂﬂBwn_Bl’iq nl=ank} = WinQ IE‘5‘7’(u 1,n) [ UBv; =B, 4 n‘:a"k}])

2
B, By, |=an(2n+k—1)} — wi,nan]Ec‘f;(Viil’n) [H{\B%n_Byi_Ln|:an(2n+k;—1)}]>,
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with
Avi_1n
Win

" Egn [Avi_1,]

TWi—1,n)

The random variables Kjj(n) are H[,, measurable and so K(n) is a H" martingale. To

establish the stable convergence of this process, we will apply Theorem 1X.7.3 in [21].
Let N € M, and orthogonal to Z and N(n) being such that N(n), = Ny,

-2
a, “ul,n

LEMMA 9. We have
(K(n), N(n)), — 0.

PROOF. Since N(n) is a H™ martingale, we have that (Ki(n), N(n)), is equal to

Loz

- 1

%' D ) B, [(Z(0)azs = Z(M)az -1) (N ()azi = N(n)az 1))
i=1 ")a2 (i—1)Aa2 N, R (=)

Lo %)

_1 Z E [(Z(n)a%i _Z(n)a%(i—l))Q]

n an . 2
on(i=1) Z(n)a%(ifl)/\a%Nan T

-« EHZQ (1) [wi,n(N(”)a%i - N(n)a%(i—l))]‘
i=1 "

Let 1 < k < m. We define 7'( ) the same way as T;, by Equation (1) except that L;,, is
replaced by k. Let 1/~( ) = (X)_w), Bu = Butw,_1,, — Bui 1,0 FB be the filtration generated

by B and v, = Ezs[(B, )~ By,_,,)?]. Since 7 is a martingale with respect to FB, by the

martingale representatlon theorem we have for u > 0

Yu = 70 +/ vsdBs = 70 +/ u+u2 L U<X>95—Vi—1,ndZ57

Tz 1,n

for some predictable process v. We set v, = 0 for u < 0 and

u
Yu = Y0 +/0 /U<X>GS_Vifl,ndZS'

Hence, for given n, since Z is a H martingale, 7, is a bounded H martingale, orthogonal to
N. Remarking that 7 = (B ® = B, 171)2 and using the fact that YN is a martingale

together with the samphng theorem we get

EHZ%(H> [(Z(n)azi — Z(0)a2.-1) "Ly, et (N (1) a2i — N (1) 02 1-1))]

= Ky [H{Li—l,nZk}E}—n‘,Ln [:qu_.(k) (NfT(k) - Nf‘fz‘—l,n )H =0.

a2 (i-1)

Using the same kind of computations for the second term, we get (K1(n), N(n)), = 0. In the
same way, we obtain that for 1 <k < m, (Ko (n), N(n))y, = (Kog+1(n), N(n)), = 0. ]

LEMMA 10. Fore >0 and1 <7 <2m+ 1, we have

P
> By, K (W) myje)] = O
i=1
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PRrROOF. It is clear that
[K,j(n)| < can(1 + @ip).

Using the fact that for p € N, Eyn [w?

a2 (i—1) 1’"]

< ¢, together with Cauchy-Schwarz and Markov
inequalities, we get
Epn [Ki,j(n)2ﬂ{|Ki,j(n)>s}] < 6671042/2.

a2 (i—1)

O]

An obvious application of the Burkholder-Davis-Gundy inequality leads to the following
lemma.

LEMMA 11. Let h be a differentiable real function with bounded derivative. For p > 0, we
have

Ellh(XTw;.) = MXT i )IP] < cpad.
LEMMA 12. For 1 < k <m, we have

(K1(n), Z(n))u 2 0, (Kap(n), Z(n))y — 0, (Kopi1(n), Z(n))y — 0.

PROOF. i) (Ki(n), Z(n)), is equal to AL + A2 with

2

Loz “u 1
1 -1 3
An = an Z 2 Eg:]n—(yi71 ) I:(Bl’i,n - BVifl,n) ]
i=1 Vi—1,n (X)) 1 ‘
and
el Egn [(Bu,,, = Bui1,0)’]
_ T(II,L'_ n) 1, i—1,n
A?L = _anl I,BQ g;—( . [wi»n(BVi n Bl’ifl n)] *

n V'L*l,n) ’ ’
i=1 Vi—1nNX)T

The term Al can be written

Lo 2u] _ m
3 et Tt S )
n B2 kpk XT(Vi—l,n) )
i=1 Vi1, NX) T k=1

with D = Udy, U = Uuy, and a, = —k(1 — 2n)(k — 1+ 27).
Using Lemma 11, we get that it is also equal to RL + R2 with

loz?u] L m

B,. B,.

1 2 Vz—l,neu Vz—l,neD

Rn - an E B2 E akpk(XT(Vi_Q’n))
=1 Vi72,n/\<X>T k=1

and E[|R?|] < cay,. Let

— m
3 . ]IBui_lynEl/I ]IBui_lynED Zk:l akpk(XT(Vi_Q,n))
Rn,i—l - 2

Bl/i72,n/\<X>T 22 k=1 brpr (XT(VZ'*Z")) ’
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with by = k(2k — 1 +2n)~! and

Laﬁqu

Z nz 1 EST@Z om >[an 1])
=1

From Lemma 9 in [13], the last term tends to zero in probability. We have
\ (1= 2355 ook (X T (i o)) IB,, e = 1B, en) S0y akbe(XT (0 0)

Egn R, i 4] = )
T(v;_ g, il BZi—Q,n/\<X>T 250, bkpk(XT(,,FQ’n))

This is also equal to Sy, ; | + 57, | with

(1= 23305 ook (X T (i) UB,,_, e = 1B, en) S0y k(X7 (s

Bgi,3,nA<X>T 23 01 bk (XT (0,50

1 —
Sn,ifl -

and E[|S?; 1|] < cay. Finally, R} = R), + R, with R, < ca, and so R), tends to zero in
probability. We now turn to A2. By Corollary 1, IEHnQ(. , [Avi_1n(By,,, — By,_,,)] is equal

to

Vin

- k(k —1+2n)
3 M\ T AT _ (L _
(]IBVZ',L”EM l/l 1, nED ( Z XT l/, 1, ,,L an 3(2k _ 1 + 277) (k(3k 2+477) (k ]‘+277)(3k 1+277))>

By the same arguments as for A,ll, A% tends to zero in probability.
ii) We have (Kax(n), Z(n)), = B2 + B2%2  with

Lt 2ul
261 _ —1 2
Bn = ay Z ES;L—(% 1n) [a’n]l{'Bu,L’n*BuiilynIzank}(BVi,n - BVi—l,n)}
=1
and
Lo 2u
2k2 1 . 2 . A _
Bn - an Zl EgT(”i—l,n) [anHﬂB’/i,n7Bl’ifl,n|:ank}]E€T(l’i—1,n) [wz,n(Bui’n Byi_l’n)] )
1=
Moreover,
BVi,n - BVi—l,n = (]IBViil’nGZ/{ - ]IBViil’ne’D)

Y Lr = (onilys,,  —Ba et — 0020+ 5 = Dlp,, B, | an@iri-1})-
=1

Hence we get

2%k _ 2
By = a”k2k —1+42n Z <HB”i71,n€M o ]IBVifl,nGD)pk(XT(Vi*L"))'

Using the same trick as in i) we obtain (Kox(n), Z(n)), £ 0. In the same way, we get the
last result. O
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Let

(k =1+ 2n)pr(X7(0))
(2k —1+42n)j(j —1+2n)’

kpr (X7 (v))
(2k —1+42n)j(j — 1+ 2n)

O (X)) = O (xr(w) =

and

mey =k —1+2n, mpo =2k —1+42n, mpg =mpg1/mpp,
mya = k(3k —2+44n), mys = k(3k — 1+ 2n),
myg = (K*(3k — 2+ 4n) + (k — 1+ 2n)*(3k — 1 + 2n)),

1 m
(Xu) _62 (5 = 1+ 2npi(xu) (55° — 5j + 1 + 4n” + 10n — 4).

LEMMA 13. For1 <[,l! <2m+1,

Lan*u)
> Ene, | [Kaa(m)Kip(n)] = e,
i=1 ntt
with
You T i
ClLlu = / Z kmyi(k—2n+ (k—1+ 2n)> )Pk (XT(v)) T(v/\(X)T)SO(XT(v))d'U?
k=1

for1 <k <m,

k (X)ou _
Cl.2ku = = k* / pk XT(’U XT(ZU/\(X>T)(P(XT(U))dU - gmk,smkA/O pk(XT(U))XT(QU/\(X>T)()0(XT(’U))dv

Ou (

k X)oy
—gmksmkG/o pk(XT )¢k (X7 v)) (2 ANX)7) P (XT(v))dU"‘ wk (XT(’U)) (21,/\< X)

T)
for1 <k <m,

5 [(Xou 5 k (X)o, _2
C1,2k+1,u :mk,l/o pk(XT(v)) TwAX)r) P (XT(u))dU *mkz 3mk5/0 pk(XT(U))XT(UMX)T)SD(XT(U))dv

k (X)oy B )0y, (4 3
S MM /0 (7)) () X780 (X7 () o /0 D (T () X720 0 VX ()P (X ()

for 1 <k, k' <m,
(X0 k (XDou (.
Cok 2k u = mk,ﬂk:k/ /0 pk(XT(v))SO(XT(v))dU - gmk 3M 4 0 %(c/)(XT v))pk(XT(v))SO(XT(u))dU
14 (X c
- g s | z/)k )¢z ()P (X7 () ) (X7 (0)) 0 + / ¢ ) (0 ()0 ()0 (X7 ()P (X7 ) 0,
for 1 <k, k' <m,
1 (X)oy k (X)o, (a)
Cok12k +1,u = k’mk,gﬂk:k’/o Pr(XT ()P (XT () A0 — 10155 ; VY’ (XT (0))PE(XT(0)) P (XT () AV
k/ <X>9u <X)9u a a
= mismis |0 oer)pw () Oerm)do+ | B0 ) o) () e Oerw) dv,
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for 1 <k,k'<m,

(X)on,

k a
Cok 2k +1,u = —gmk,?,mk,zl 0 %5/)(XT(U))pk(XT(v))CP(XT(v))d”

K (X) oy
— g s | D Oz )P (X7 () P (X7 () 0 + / 1/% ()8 (et )0 1)) 9 (X7 () -

Proor. For simplicity we just prove the convergence to ci,1,. The other results are proved
the same way. Using Corollary 1, we have that

lanu)

. 2
Z E nQ(l b 171(71) ]

=1
is equal to
r———Fep (B —Bu )= Avi)’) = 5

Vifl,n/\<X>T Vi—1 n/\<X>T

Egn [(BVi,n_BVi—l,n)4]’

T(vi—1 n)

Using the same arguments as in the end of the proof of Lemma 12, the result follows.
O

LEMMA 14. Let Cy = (Ciyjyu)i€[1¢2m+1}, jell:2m+1]- We have K(n)u H—>£S K m D2m+1 [O, OO)

with "
m:/b@%,
0

where bs is a matriz with dimension (2m + 1) x (2m + 1) such that

/@@@:%
0

PrOOF. The result follows from Lemma 8 to Lemma 13 together with Theorem 1X.7.3 in
[21]. O

I—Ls

LEMMA 15. Let K; = Ky, and K(n); = K(n)azn,, ,- We have K(n); *=° K; in

D2m+1[07 OO)

PROOF. We first use the obvious fact that the process (K (n)y, Zu, xp,) converges H stably
towards the process (K, Zu, s, ) in D™ +3[0, 00). Since a2 Ny, ¢ 5 fi, the fact that the sta-
ble convergence in law implies the convergence in law together with the composition mapping
theorem (see Theorem 13.2.2 in [33]) and the Skorohod representation theorem, the preceding
result gives

(f((n)t?Za%N%t,Xea%Na )= (K1, X, xt)
and finally 3 )
(K(n)t7 Xt7 Xt) - (Kta Xt7 Xt)7

for the weak convergence in D?™3[0, 00). Then the result follows from the definition of the
stable convergence in law.

O]
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LEMMA 16. For 0 <t < T, we have

— (BVzn — BVi— ,n)2 ¢ -C.D-
@nl( Z wj nEgT(UZ 1n)[ B2 ! } —[) Ugdu) ui}p O,

l/ln<<X> Vi— ln/\<X>
— k—1+ 27] t 2 v 2 u.c.p.
%1( > winanBep oo LBy, ~Buyy l=ank}] — 27{?—1+277/o Pk(Xu)ﬂﬂ(Xu)UuXudU) =0,
Vi,n§<X>t
(X mwalBey, I |- g [ e ebu)ot X2da) " o
Ay WinQn T (v 1) {IBv; = Br;_1 nl=an(2n+k=1)} 2k —1+2n Jo Pe(Xu)P Xu)OyAy .
Vi n§<X>t

Proor. The first quantity is equal to

: (X)
D

v; n<<X>t Vi—1,n

A i—1,n Vin <X>t
=a; ! ( Z { Vil —/ B;%ds}) +a;1/ B 2ds.
Vim< Vi 1n VN

Vz 1,n

The result easily follows. The second quantity is equal to

-1 k—1+27]

9 (Xt
ay, m( > anAVi—l,npk(XT(yi_l,n))w(XT(ui_l,n))—/0 pk(XT(v))SO(XT(v))dU)-

vin <(X)t
The result is obtained using Lemma 11. We get the result for the last term the same way. [
We have the following lemma.
LEMMA 17. Let g; be the 2 x (2m + 1) matriz defined by g = (V1, (f;)"'V2)T and
V" = (RVq, + — (log X)t, ot — M)-
We have

¢
a v =50 gt/o by, dWV;,, in D?0, 00).

PROOF. The result follows from Lemma 15 and Lemma 16 together with the Delta method
and Proposition V.1.5 in [28]. O

We now give the proof of Theorem 2.

PRroOF. Using the same method as in the proof of Lemma 5, we can show that

vt

- X
71 Tz n Ti—1,mn\2
Z Xt )

Ti—1,n
has the same limit as
Nan t 9
1 Z log log( Ti— 1,n )) N
=1
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- 2a;, " (log(X~,,,) — log(X~,_, ) (log(1 —
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This quantity is equal to

Nan,t
_ 2
anl Z (log(XTi,n)_log(X’Tifl,n))
i=1
Na t A . ~ .
aN on(n — sign(Py, — Py, — on(n — Na, t)stgn(Pry,_, , — Py,
Fart Y (log(1 - 2ol ”“”’t)Xg (P = Pt)y g — @0l = fla ’t))? Pliin = Plian) yy2
=1 Ti,n Ti—1,n
an,t

an(n - ﬁanvt)Sign(Pti,n - Ptifl,n)
X

=1 Ti,n

)

an(n - ﬁan)t)Sign(Pti—l,n - Pti—Q,n)
X

=1 Ti—1,n

))-

Obvious computations give that the second term tends to zero. For the first term, from Lemma
17, we get

Nan t

( Z ]'Og Ti, n log(XTi—l,n))2 - <10g X>t) = Es VT/ bedeS
=1

The sum of the last two terms is equal to

Na t

— ~ = (log(in) —lOg(X i— n)) Xif n o -

(anl(namt_n))an Z = X L ( )zv - Slgn(XTi,n _XTi—l,n)_Slgn(XTi—l,n _XTi—Q,n))+Rn’

=1 Ti—1,n Ti,n

with R, tending to zero. The term

Nan ' log Ti, n) - log(XTi—l n)) XTi—l n o - .
Qn Z X : ( X : SZgn(XTi,n - X'ri—l,n) - Slgn(XTi—l,n - XTi—Q,n))
Ti—1,n Ti,n

has the same limit as

Z 1Og Ti, n) - 10g(X77l71,n)|
b .

=1 Ti—1,n

Using the same method as in Lemma 6, this tends to u;. Finally, the last term tends to

t
()" /0 by, dWy,.

4.5. Proof of Theorem 3.

Proor. Using the stability of the convergence in probability by absolutely continuous
change of probability, we can set agj )
n Y > 7@ We define

1,n 1n

= 0. We consider without loss of generality that for all
Now,o = sup{i: Af,) € [0,1])
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and .
an,,t
RCVay 1= > (log(X((f)) log(X((z) ))(10g(X((3>) IOg(X((g> ).
=2 z 2,n z 1,n
We have
N3t
RCVai = Y (log(X\() —log(x'1) ))(log(X D)) —log(xT), )
i=2 i,m i—1,n i,mn 7, 1,n
5 t
+ 3" (log(X(0, ) —log(X |1}, ))(log(X() —log(X(%) )
=2 7, 1,n i—2,n 'Ln z 1,n
>\

+ Z log(X (1) — log(X (3))(log(X()) log(X ((g) ))

i,n ’L 1,n

By Theorem 1.4.47 in [21],

N)\

an,,t

t
Z (log(X(g) log(X (2) ))(log(X((g)) log(X(?;) Ap./o psUgl)agz)ds.

=2 ’L zln zn 1177.

For the second term, we use Lemma 1 and we get that it has the same limit as

Nt
(1) (1) ) ) _
2 Er e ) -leeXn  DeslXim, ) —leslXyw )] =0
We now treat the last term. Let € > 0. This term is equal to
Lan (2+E)J
(1) (1) 2) )
2, (oaXe ) -lo(Xye Dose ) ~loeXye) )
1 2
+ Z (log(X (<3)) 10g(X(<g)))(10g( (<g>) log(X ((g> )-
{i:LaT—L(Q-f—E)JSiSN&\mt} zn zn A 1,n
Since IEfAﬂA [log(X/(\(3> ) — log(X/(\(g> )] =0, we have
o 19 )
2 2
E[( > (IOg(X/(\g) ) = IOg(Xi& ))(log(Xi&)At) - log(X/(\g%>1 M))) }
=2 in i—1,n
Lo )
_ (1) (1) 2 2 2) 2
= ; [(log(XAl(}gM) - 1Og(XAE?£At)) UOg(X/\Eii/\t) - 10g(X/\52>LnM)) ]
Lo 59
2
< cay, Z E[(IOg(Xi2>At) _IOg(Xi2> )) ]
; i,n i—1 n
) la (2+5>J ,\Eii/\t (@12
<eapBl D [, (02)ds].
=2 i—1,n
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Hence the first part of the last term tends to zero in probability. Moreover, the second part
is smaller than C(N(i),t - a;(ﬂs))*. Using the fact that N , < N(SL)J +NP

o an,t together with
the tightness of the sequences a2 N, (Rt and o2 N, @) we finally obtain that this second part

«@ Qp,t)
tends to zero and so .
RCV,, ;"= / pso Vo ds.
0

Moreover, using the same method as in the proof of Theorem 1, one can show that the
difference RCV ,,, + — RCV,,, + tends to zero. The result follows.
O

5. Simulation study. In this section, we compare our estimators to other estimation
procedures through simulations of the price process in the model with uncertainty zones. We
consider the following model

dXt == O'tXtth, o = 100, te [0, 1],

where o, = 0.01 % (1+0.5 x sin(27t+m/4)), which gives a classical U-shape intraday volatility
curve. We fix a = 0.05, n = 0.05 and, for simplicity, we assume that, for ¢ > 1, L; = 1 and
ti = T;.

Our simulation accuracy is equivalent to 0.1 second. More precisely, the interval [0,1] cor-
responds to one trading day of eight hours and the discretization mesh is (3600 x 8 x 10)~!
on [0, 1].

We compute the following estimators of the integrated volatility on [0, 1] over 1000 simula-
tions:

- the realized volatility estimator,

- the kernel estimator of [6] with a Tukey-Hanning kernel,

- the pure rounding estimator presented in [31],

- the two scales estimator from [36] (ZMA for short),

- the Garman-Klass estimator, see [12] for details,

- our new integrated volatility estimator (RR for short).

The first three estimators are computed for different dyadic subsampling frequencies (from
0 to 10, that is from 1 second to 1024 seconds) whereas the ZMA estimator is computed for
subsampling frequencies of 1, 2, 4 and 8 seconds (the results for other frequencies being not
relevant). The results are given in Figure 2. We provide the averages of the estimated values
together with 90% confidence intervals. The true value of the integrated volatility on [0, 1]
(1.125 x 107%) is given by the grey line.
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Fi1c 2. Estimators in the case of a deterministic integrated volatility. The circles represent the average of the
estimators and the red lines give the confidence intervals.

The realized volatility becomes reasonable from a sampling frequency of two minutes
whereas the kernel estimator is quite sharp when considering a sampling frequency of about
sixteen seconds. This agrees with the simulation results about the noise that can be found in
[29]. Indeed, at a first glance, in this specific setting of parameters, the assumptions required
in [6] seem relatively fulfilled for a sampling frequency of sixteen seconds. The pure rounding
estimator is almost unbiased for all frequencies and its confidence intervals are tight. The two
scales estimator seems convenient only for a two seconds sampling whereas the Garman-Klass
estimator is unbiased but leads to a large confidence interval. Finally, our estimator, which
does not necessitate the choice of a sampling frequency, appears unbiased and very sharp.

We now consider the same model for two assets, where the two Brownian motions are
correlated with a constant correlation coefficient p; equal to 0.4. Thus the integrated co-
volatility on [0, 1] is deterministic and equal to 4.5 x 10~°. We compute the Hayashi-Yoshida
estimator and our new estimator. The results over 1000 simulations are given in Table 1.

Statistics HY RCV
Mean 855 x 107° 448 x10°°
Standard Deviation 7.8 x 107° 5.7 x107°

TABLE 1
Monte Carlo comparison between the Hayashi- Yoshida estimator and the new estimator.

The fact of correcting the last traded price values and considering the new stopping times
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considerably improves the Hayashi-Yoshida estimator. Indeed, whereas in average this esti-
mator is twice larger than the true value, our estimator is almost unbiased and its variance is
reasonable.

6. Conclusion. This paper studies volatility estimation issues in a model with endoge-
nous microstructure noise.

- We work in the model with uncertainty zones. It is chosen for two reasons : first, the
underlying efficient price is a semi-martingale and second, it reproduces the main stylized
facts of transaction prices, durations and microstructure noise and its results on real data are
very promising, see [29]. From a practical point of view, contrary to many other models, the
computation of estimators does not require any choice of a sampling frequency and there is
no ambiguity about the price to use.

- Our statistical procedures are based on the idea of approximating the value of the effi-
cient price at some random times. Because of these random, endogenous times, usual semi-
martingale convergence theorems do not apply in our framework and so a new methodology
is proposed.

- Our estimator of the integrated volatility is naturally given by a realized volatility com-
puted on the approximated values of the efficient price. It is proved to satisfy a central limit
theorem. The proof of the theorem uses a time change method together with stability prop-
erties of the weak convergence in the Skorokhod space. This idea is not specific to our model
and can probably be used to treat other inference issues where times are endogenous.

- When two assets are observed, a slightly modified version of the Hayashi-Yoshida estimator
computed on the approximated values of the efficient price gives us a consistent estimator
of the integrated co-volatility. Thus, we have built an estimator for the co-volatility in the
presence of asynchronicity of the data and microstructure noise.

- Simulations show that our results are very satisfying and that, in this quite realistic model,
our method outperforms several other estimators.
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